Matrices and their Applications

Matrix: Is an array containsof rows and columns

&, A, &g e e a,

a21 a22 a‘23 """""""" a‘2n

A= Az, dj, Az e ds,
| aml am2 am3 amn _

A..., m=No.of rows, and n=No. of Cols.
A:[aij] | =No. of rows, and J=No.of Cols.



Types of Matrices

1- Square Matrix: m=n or I = |

2 —Diagonal Matrix:is a square matrix, all elements
are equal zero except elementsof the main diagonal
[a;; =0 inall cases 1= ]]

3— ldentity Matrix:is a square matrix, which elements
of the main diagonalare one, and other elements
are zero, denoted by |I.

4 — Symmetric Matrix: [a; =a;;]

5—-Sub— Matrix



he Null Matrix

ne Upper—Triangular Matrix

ne Lower —Triangular Matrix

ne Upper—-Unit—Triangular Matrix




Operations on Matrices

1— Addition and Subtractian

A. . xtB., ok.if and only if n=k and m=|

2 —Multiply by constant and divide on constant
EX:

2x|—=1 5|=-2 10




Determinant: is the value of a square matrix
Adeterminant of first order consists of a single
element like a and its value equal a.

Ex: Det. of [20]=|20 =20

Adeterminant of second order consists of 2° =4elements

3 b

Ex:A:{
a2 b2

} Det. of A=ab, —ab
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1 2 -3
A=0 -2 1
3 2 3
*Use first row:
-2 1 0 1 0 -2
A=1 — 2 + (—3)
2 3 3 3 3 2

=1(—6— 2) — 2(0 —3) — 3(0 + 6)
= -8+6-18=-20




* Use second row:

A=-0

2
2

—3
3

+(=2)

1
3

=0—-2(3+9)—-1(2 —6)
=—-24+4=-20
*Use third row:

A=3

2
_2
—3(2-6)—2(1—0) +3(-2—0)

—3
1

1
O

— 2

=-12-2-6=-20
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Minor and Co — factors
The minor of anelement of a determinant (of one
order smaller) lift out onthe row and column deleting

with through that element

al Ol Cl
D=la, Db, C,
a'3 03 C3
. _ c
Minor of ¢, = % b and Minor of b, = % 8
a3 b3 a3 C3




Example: Let

1 -3 4 5
3 0 -1 6
D —
4 -2 2 -6
5 7 9 8
1 -3 5

The Minorof 9= 3 0 B |=........ .
—4 -2 -6




The Co — factor of any element of a determinant (A;)
that is (—-1)""! times the minor of a;.

Co — factor = (-1)""! x the minor of that element
Example:

ai :)1 Cl
D=la, Db, C,

d; Dy G

D
=3

Co — factor of ¢, =(-1)*"

h — (_1)(a1b3 - 3b1)

QD
0
0



Other method to evaluatethe value of deter minants
Example

Det.of A=—-2-22=-24



Other method to evaluate the value of deter minants

Examﬂle 0 1 <::|Change these signs

00 2 Keep these signs

Det.of A=-2-22=-24
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Reduction formula for evaluatingthe deter minants

The formula for the determinant of an (nxn) matrix

A=(a;) Is

Det. A =(i)”‘2
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-2 0 7
=1|4 -7 5
2 -9 8
. —2 0 —2
_ - ~\x32104 =7 4
=7 =2 0 (-2
2 =9 2
2_1‘14 —38
2118 —-30

1
= — 5 (—420 + 684) = —132

0 U1




Useful Facts about determinants

1- If two rows or (columns) of a matrix are

identical, the determinant is zero.

2- Interchanging two rows or (columns) of a

matrix, change the sign of its determinant.
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3- The determinant of a matrix is the sum of the
products of the elements of the it" row (column)

by their cofactors, for any i.

4-The determinant of the transpose of a matrix is
equal to the original determinant. ("Transpose”

means to write the rows as columns).
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5- If each element of some row or (column) of a
matrix are multiplied by a constant C, the

determinant is multiplied by C.

6- If all elements of a matrix above the main
diagonal (or all below it) are zero, the determinant

of a matrix is [the product of the elements on the

main diagonall.
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7- If the elements of any row (or column) of a matrix
are multiplied by the cofactors of the corresponding
elements of a different row (or column) and these

products are summed. The sum is zero.

8- If each element of a row (column) of a matrix is
multiplied by a constant, C, and the results added to a
different row (or column) the determinant is not

changed.
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Example:Prove without actual expansionthatthe
following determinant vanishes

1 a b+c
1 b c+a
1 ¢ a+b

Solution

Col.2+Col.3=

1
=(a+b+c)l
1

1 a b+c+a
1 b c+a+b
1 ¢ a+b+c

1
1} = Zero (becouse Col.1=Col.3)
]

O O D




Multiplication of Matrices

A xB, Is ok. If and onlyif n=k
AxB#BxA

Ann X B = Cr

Ax A= A’ isok.if Aisa square matrix



a
A=|d
0
Ax B =

f | and B =

' la+4b+7c
1d +4e+7f

' 1g +4h+7i

~N N
o U1 N
© o w

2a+5b + 8¢
2d +5e+8f
20 +5h +8i

3a+6b+9c
3d +6e+9f
39 +6h+9i1 |




Example:

3 1 5
A= and B =
1 O

N
R N O

O O O1 W

AL B 3+0+4+5 9+5+12+0]| [12 26
X p— p—
1+0+6+1 3+0+18+0] |8 21




Matrices Multiplication has the following properties:

(AB)C = A(BC) (Associative Law)
A(B+C)=AB+ AC (Left distributbn Law)
(A+B)C =AC +BC (Right distributon Law)
(A")' =A

(A+B)' =A" +B'
(AB)" =BT A



Inverse of Square Matrices
If M xP =P xM__=I

nxn nxn

We call P theinverseof M, P=M"™

To find the inverse of a matrix whose determinant iIs
not zero, (Det. formula)

a boc
A=|a, b, C,

d; D G



1— Construct the matrix of cofactors of A:

_'Al Bl Cl
Cof. A=|A, B, C,
_A3 B3 C3_
Such that:
) C
_ _1 1+1|72 2
A =(-1 b c.
a C
B _ _1 1+2|72 2
-
a, b
C _ _1 1+3| 72 2
=




2 — Construct the transpose matrix of cofactors,
(called the adjoint of A)

A A A
Adj. A=(Cof.A) =| B, B, B,
_Cl CZ C3_
3— Then
A=t Adj A

" Det. A



Example: Use the determinant formulato find the inverse
of the following matrix:

2 3 -4
A=|1 2 3
3 -1 -1
Solution:
|2 3 1 3 1 2|
+ — +
-1 - 3 - 3 -1
3 -4 2 —4 2 3
Cof. A=| — + —
-1 -1 3 -1 3 -1
3 -4 2 —4 2 3
+ — +
2 3 1 3 1 2]




1 10 —7
Cof . A=| 7 10 11
17 —-10 1

1 7 17 ]
Adj.A=|10 10 -10
-7 11 1 |
Det. A=60
1 7 17 |
"1 7 17 | 60 60 60
A'=1|10 10 -10|=|22 19 —19
60 60 60 60
—7 11 1 —7 11 1
60, 60 60 |




Simultaneous linear algebraic equations:

The general forms of thesetype of equationsare:

8 X F A Xs F AaXg F e e e, a X =b

By X; F Ay Xy F BpaXg Feereieies e e a, X =Dh,
a.31X1 + a.32X2 _I_ a.33X3 _I_ llllllllllllllllllllllllllll a3n Xn — b3
8 X F ALK 80X F e e e, a X =b



There are (n) equations and (n) unknowns

(X{s Xoy Xg eeererene ceneeeenen eeneenen X,
It can be written [Ax = B]
Such that;
a, a, a5 - - a, |
Ay a,, Ay a,
A=| T T Seotmo H
_anl a., a3 T te a., a
_&_ _Q_
X2 b2
X = X, and B=|Db,
| X, | _bn___




Methods of Solution
1— Cramer's Rule

A X F ALK, + 83X =D (1)
By X + 8y Xy + 8paXg =0y v, (2)
By X + Agy Xy + 8gaXg =15 it e e, (3)
d; dp G
Let D=a,, a, a,
aSl a32 a33

This method 1s used when D #0



. bs ds, A3
X, =
D
d; D A
Ay Dy Ay
a 0 a
X, = 31 3 33
D
d, , O
Ay Ay Dy
a a 0
X, = 31 32 3

If D=0, Donotusethis method



2 —Gauss method (Gauss elimination or Gauss reduction)

8 X+ ApX, + 85X F e e a, X, =0 (1)

By X, F Ayp Xy + 8yaXg F i e, &, X, =D, e (2)
By X F 8y X, + AggXg e e, 8y, X, =0y e (3
A X A% + 83X F e e, a. X =0b ... (n)

The equationsreduced to upper triangular matrix



Procedure:

1— Normalizaton

2 —Divide Eqg.(1) by a,, to get (x,), after normalizaton.
3—Eliminate (x,) from Eq.(2) to Eq.(n).

4 —Re peat by dividing Eq.(2) bynew (a,,) to get (x,)
5—Frombottom get (X, X _;, «e.eee. , X;) (back substitutpn)



OR : Gauss method

& X +a,X, +a,X =0 e (1)
8y X + 80X, + 8yXy =D, e, (2)
8y X + 85Xy + 853X, =Dy e, (3)

From Eqs. (1) & (2) and from Egs.(1) & (3), eliminate
X, from Eqgs. (2) &(3).

& X +a,X, + 85X =0 (1a)
C,o X, +CooXy =0, e (2a)
Cyy Xy +CaaXo =y e, (3a)



From Egs. (2a) & (3a) , eliminate x, from Eq. (3a).

& X +a,X, + A% =0 (1b)
CpoXy +CosXy =0y e (2b)
€%y = o e, .(3b)

From Eg. (3b), get the value of x,
From Eg. (2b), get the value of x, after Subst the valueof x,
From Eg. (1b), get the value of x, after Subst the valueof x, & x,



3—Inverse matrix method:

Ax =B

AAx = AT'B

Ix = A™'B

. X=A"'B
a, a,

a‘21 a‘22

A: a‘31 a32

_anl an2

A3

A

a‘n3

2n

a3n

nn

and




Example: Solvethe systemof these equationsusing:
(1) Cramer's rule, (2) Gauss method and (3) Invese
matrix method.

2X+3Y —4Z2==-3 . e e, (1
X+2Y+3Z2=3 e et et s (2)
SX—=VY—=Z=0 s e e e (3)



Solution
(1) Cramer's rule,

2 3 -4
D=|1 2 3
3 -1 -1
3 3 -4
3 2 3
6 -1 -1
X =
60
2 3 -3
1 2 3
3 -1 6
/ = —
60

60

2 —3 -4

1 3 3

3 6 -1 -60
60 60



(2) Gauss method,

X+2Y+3Z=3iiii cireeeir e (1)
2X+3y—4z7=—-3.....cc... ..., (2)
SX—=VY —=Z=0ereveeee eeriiees e (3)
Eqg. (1) X+2Y+3Z=3uciiiesevieeeer e (1a)
2EQ.(1) — Eq.(2) V+10Z2=9..cooei e (2a)
3Eq.() - Eq.(3) (Yy+10Z2=3.....cces e (3a)
X+2Y+3Z2=3u i, (1b)
Y+10Z2=9...ccovei e (2b)

/EQ.(2a) — Eq.(3a) 60Z =60.......... covvrven e (3b)



(Eg.(2a) — Eq.(3a) 60z =060.....cc..cevreren .. (3b)
From Eg.(3b) = z=1

From Eq. (2b) = y+10(1) =9 = y=9-10=-1

From Eqg. (Ib) =x+2(-1)+3(1)=3=x=3-3+2=2

S x=2, y=-1 and z=1



OR, (2) Gauss method,

1 2 3 : 3

2 3 -4 : —-32R1-R2
3 -1 -1 : 6|3R1-R3
1 2 3 : 3

O 1 10 : 9

O 7 10 : 3/ 7R2-—-RS3

1 2 3 : 3|x=3-2(-1)-30)=2

0O 1 10 : 9 y=9-101)=-1 1N

0 0 60 : 60 . ,.9%_, 1
60

X=2, y=-1 and z=1



(3) Inverse matrix method

2
A=|1
3

Cof. A=

Adj. A=

Det. A=

3 —4 —3
2 3|, B=| 3

— 6

1 10 -7
7 10 11

17 -10 1

17 17
10 10 -10

-7 11 1

2 3 -4

1 2 3|=60

and X =




1 7 17
1 10 10 -10
60
-7 1 1 |
1 7 17
:A‘lB:i 10 10 -10
60
-7 1 1
- —3+21+102 I
1 1
—1—-30+30-60 |=—
60 60
- 21+33+6 | ]
y=-1 and z=1




4 — lteration Method:

(1) Jacobi method

In this method the equationsare written as:

1
X, = —[0, —8,X, — A X5uueeiiinn e —a, X, ]
A
1
X, =—[D, — a8, X, — Q5 Xguueeiiiiin et —a, X ]
a22
1
Xy = —[0; — 85X — Qg X eeeeeeieee i —a, X, ]
a33
1
X, = a_[b” oak- TP > B T A, n_1) Xn_1]



Strart with (X!, X%, X\ e e x{*)
In the above equationsto get improved estimation

for (X®, X2, X® o e, X))

and repeat for (k) cycles.



Example: Solvethe following equations:

OX, + X, +2X, =17 oot e s (D
X, +3X, + X3 =8 e e e e (2)

2X, + X, +06X; =23 i e e



Solution:
1—- Normalizaton (0.k)
) —

X, = l(17— Xy = 2X3) ceveeieean ceeerenis erieenies seieenes.

5

X, = %(23— 2X; = Xy ) creeitient et e e

33—
Start with x{© =x{” =x{® =1



cycles 0 1 2 3 4 5
X4 1 2.8 1.667 2.25 1.88 2.08
X, 1 2 0.622 1.255 | 0.859 1.08
X3 1 3.333 | 2567 | 3.174 | 2.874 3.06

and x, =3
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(i) Gauss— Sedal method

This method Is the most powerful and most popular
method of solution In fact it is extensionto the
Jacobl method. The iterative equations are:

|+1 i [ i
[b Xy = A3 Xgueeereees veenerees -, —a,, X,
C
i1+1 i+1 [ |
X, = [bz Ay X Apg Xy eernnnrnn vunnnininn s, o aznxn]
a22
i+1 1 b i+1 i+1 [
X, =0y — Ay X — 85X, e e —a,, X ]
a33
Xi+1 1 b i+l A i+1 i+1
n a_[ n T Ay Xy T ARG R LA an(n 1)Xn 1]



1

X, = g(17 — Xy = 2X3) cereeiieen e e e,
1
Xy = = (8= X, = X3) cerrrrres et e e e
3
1
X, = 6(23_ 2X, = Xp) teeeeeane e e e
cycles 0 1 2 3
X, 1 2.8 205 | 1.99
X, 1 1.4 1.09 | 1.01
X3 1 2.67 2.97 3.002
X =2, X = and x, =3




